The operation of ships with "slow-steaming" poses new problems for the torsional vibration analysis of the drive train. It is well known that the propeller determines the essential part of the mass moment of inertia and the system damping. Both values are determined during the initial design phase by semiempirical methods with have originally been developed by Grim between 1970 and 1980. Since then, propeller designs have changed significantly and it is unclear if modern propeller designs are still covered by these calculation methods. The paper suggests an extension of Grim's and Schwanecke's method for modern screw propellers in homogeneous and unsteady flow.
INTRODUCTION
The actual trend to operate vessels in the so-called slowsteaming mode has posed a lot of complex problems to the naval architects, as the ships operate far away from their design condition. This is of most importance for the operation of the engine and the propeller. When the propulsion system is operated at low revolutions, it is at the same time operated closer to the torsional vibration resonance, because the drive train is designed with a resonance frequency at low revolutions. During run up or slow down, a so called barred speed range is passed to avoid permanent operation close to the resonance. As a consequence, the layout of the drive train with respect to torsional vibrations must be carried out taking this operational boundary condition into account. With respect to torsional vibrations, the propeller -besides the engine-is the main source of excitation as well as the most important damper of the drive train. Furthermore, the mass moment of inertia of propellerincluding the so called added mass moment of inertia (MOI) due to forces of the entrained water -dominates the resonance frequency of the drive train. To compute hydrodynamic damping, there are some semi-empirical theories available, where the most advanced method was developed by Schwanecke and Grim. Despite the fact that there was a significant development in both numerical and experimental techniques, there are no such applications used for the calculation of propeller damping. Steen [16] has reported that RANS applications can presently not be used to predict propeller damping due to numerical difficulties, and also model tests failed to properly predict propeller damping. Consequently, there are only a very few publications which deal with this problem. Additionally, only a few full scale measurements are available for this problem. For these reasons, the authors have chosen to investigate the Grim/Schwanecke method.
The theory of Schwanecke and Grim is based on the established theory of the oscillating airfoil. As the practical application of the theory published by Schwanecke and Grim resulted in complex and time consuming computations, Grim and Schwanecke had introduced some simplifications into the theory. This resulted in quite simple formulae which allowed the computation of hydrodynamic damping and added mass or MOI in an easy way for all six degrees of freedom. However, since these developments screw propellers have been subject to a continuous development, where the aim was mainly to reduce pressure pulses and to increase the efficiency. The most important developments were the introduction of the propeller skew and the application of radially non uniform pitch distributions. Both measures were intended to increase the comfort level of modern propellers, posing the difficulty to the propeller designers to keep the efficiency at least constant. This resulted in more cambered propeller profiles and lower blade area ratios. All these developments have not been foreseen by the simplified formulae published by Schwanecke and Grim. Due to the new operational challenges of the ships, propeller damping and added MOI have to be computed more accurately, while at the same time it is not clear whether the simplified formulae published in 1963, 1973 and 1983, respectively, are still able to cope with modern screw propellers. As computational power is not a problem anymore, it was found useful by the authors to re-formulate the original theory by Schwanecke and Grim in the context of an updated lifting line model for modern screw propellers. If this has once been done, it is also possible to analyze the propeller in the wake field of a modern ship design in any propulsion condition. It is then further possible to analyze controllable pitch propellers in offdesign pitch conditions, too.
HARMONIC FORCES ACTING ON AN OSCILLATING HYDROFOIL OF INFINITE SPAN

FIGURE 1: PRINCPLE DEFINITIONS OF THE FLOW AROUND OSCILLATING AIRFOLIS (LEFT) AND GRAPH OF THE COMLEX FUNCION C(K).
An airfoil of infinite span in a parallel inflow U is exposed to harmonic lateral or rotational oscillations of the amplitudes ε A or ϕ A. The motion equations read: (1) Assuming the transversal velocities to be small compared to the inflow velocity U, the problem becomes independent from the mean angle of attack of the airfoil as well as from the thickness of the airfoil. The harmonic hydrodynamic forces L rectangular to the parallel inflow can be obtained from the theory of conformal mapping as follows [3] , [5] , [6] : (2) In Eqn. 2, L Є denotes the harmonic lift forces due to the lateral motion, Lφ due to the rotational motion. In Eqn. 2 c denotes the chord length of the airfoil, U the inflow velocity and ρ the density of the fluid. Ca' denotes the gradient of the lift coefficient, which theoretically amounts to 2π. In practice, values between (0.87…0.93)2π are obtained. K is the non dimensional frequency of the oscillation and it is defined as (3) C(k) is a complex function which is shown in Fig. 1 , right. From Fig. 1 and Eqn. (2) the fact can be derived that the magnitude of the harmonic hydrodynamic forces actually depends on the frequency of the oscillation. From Fig. 1 it can also be seen that the imaginary part C(k) becomes zero if K equals either zero or infinite. If k=0, the problem becomes stationary, and with C(k=0)=1 the stationary solution for the profile lift is obtained [3] . If on the other hand the reduced frequency k becomes large enough, the oscillating lift forces do also become independent from K as the imaginary part vanishes and C(k=∞)=0.5. For the screw propeller this means that the frequency of the oscillation ω must be sufficiently large against the inflow velocity U. If we assume an aspect ratio of c/D=0.25 for a modern screw propeller blade, where c is the mean chord length of the propeller blade and D the propeller diameter, and if we introduce the advance ratio J=v/(nD) into Eqn. (3), we obtain K=0.785N/J, where N is the order of the oscillation with respect to the number of revolutions. We can therefore conclude that for a screw propeller, the harmonic forces due to torsional vibrations are practically independent from the vibration frequency. If we assume a four bladed propeller operating at an advance ratio J of about 0.8, K becomes about 4, and from Fig.  1 , right, the fact can be derived that this condition is close to the vanishing of the imaginary part of C(k), which is equivalent to the fact that the harmonic forces become independent from the frequency of the oscillation. propeller. The direction of the flow with the velocity U I is given by the hydrodynamic pitch angle β I . U I is the vector sum of the rotational speed of the blade section ωr, the (local) inflow velocity V A and the sum of the propeller induced velocities, here denoted by U N . The angle of attack of the blade is given by the difference of the blade angle (δ) and the hydrodynamic pitch angle β I . For the moment, it is assumed that the flow around the propeller blade is two-dimensional, so that the formulae for the foil of infinite span (Eqns. (1) and (2)) can be applied. The propeller blade now performs a harmonic torsional oscillation.
HARMONIC FORCES ACTING ON A PROPELLER BLADE
For the resulting hydrodynamic force element, the component rectangular to the inflow velocity U I is relevant, which means that all translational force elements have to be multiplied with cosβ I , and all rotational elements with -sinβ I . From Eqn. (2), we obtain for the torsional harmonic moment due to a torsional oscillation by integration over the propeller radius: (4) In Eqn. (4), N denotes the number of blades of the Propeller. Eqn. (4) now includes terms which depend on the first time derivative of φ; they can be interpreted as damping terms. Terms depending on the second time derivative of φ can be interpreted as inertia terms. If we use the notation introduced by Schwanecke, [10], [11] , then we obtain the hydrodynamic damping (b φφ ) and the hydrodynamic MOI of the propeller (a φφ ) from the radial integration of all force elements [3] :
In Eqns. (5) and (6) R N denotes the hub radius and R a the half of the propeller diameter. Eqn. (4) has been developed assuming a purely two dimensional flow around the propeller blade. Therefore, corrections have to be made for the foil of finite span in Eqns. (5) and (6) . This has been accounted for by introducing the correction factors C Stat and C AR . C Stat takes into account the fact that the three dimensional flow around the propeller blade leads to a reduction of the effective angle of attack and therefore to a reduction of the stationary propeller thrust and torque. C Stat can be computed for each propeller e.g. by using the lifting line method (see below). As a rough approximation, Schwanecke has proposed a C Stat -Value of 0.85 [10] , [11] . C AR takes into account that also the harmonic oscillatory forces of the propeller are subject to a reduction by three dimensional flow effects. This has been computed by Breslin [1] , and values for C AR can be taken from Fig. 2 , right [3] . In this diagram, Z denotes the number of blades, and A e /A 0 is the expanded area ratio of the propeller. r 0 denotes the hub radius of the propeller and n is the order of vibration. Except for the correction of c a ' ; viscous effects have not been included in the theory so far, because the viscous influence is known to be small. However, Isay [3] has shown that the influence of the viscosity on the torque of a screw propeller can be included by multiplying the radial torque coefficient with (1+Є cot β I ), where Є is the lift/drag-ratio of the profile at the given (mean) angle of attack. In this sense, Eqns. (4) and (5) can be corrected accordingly.
After some simplifications and some assumptions for the propeller blade geometry, the inflow velocity and the hydrodynamic pitch angle, the following simple formulae have been obtained for a φφ and b φφ by Schwanecke and Grim:
Schwanecke [9] has proposed values for C a and C b of 0.0703 and 0.0231, respectively. In a later publication, Grim [3] revised these values to 0.052 and 0.017, and also later publications by Schwanecke mention theses revised values. In Eqns. (7) and (8), P/D means the pitch/diameter ratio of the propeller. This is often given at 0.7R, and this value is at the same time the maximum P/D of the propeller. In the sense of Eqn. (7) and (8), the correct mean pitch of the propeller could be used instead of the maximum pitch at about 0.7R. It must further be understood that these formulae are not applicable for controllable pitch propellers in off-design pitch conditions. Nevertheless, it is of course possible to directly solve the Eqns. (4) and (5) for any screw propeller. This requires the exact computation of the (local) inflow velocity of the propeller and the hydrodynamic pitch angle. Both require the calculation of the propeller induced velocities denoted by U N in Fig. 2 . U N is the vector sum of the axial induced velocity U Q and the circumferential velocity V Q . Both can be computed by means of the lifting line theory with sufficient accuracy. This is at first done for the stationary propeller inflow ( [4] , [5] , [7] ).
STATIONARY LIFTING LINE THEORY
From Biot-Savart's law, the vortex induced velocities can be computed for any propeller assuming that the free vortex sheets are located on regular helices of constant pitch K 0 by the following integral-differential equations [4] , expressed in cylindrical coordinates (x,r):
In Eqns. (9) and (10) , N denotes the number of propeller blades where φ 0 is the phase angle of the key blade. Γ(s) denotes the radial distribution of the bounded vortex circulation representing the propeller blade, and according to Helmholtz' law of vortex conservation, dΓ(s)/ds is the vortex strength of a free vortex thread starting at the radial position s at the bounded vortex. It should be noted that the integrand becomes singular if the collocation point coincides with a vortex point, which means that the velocity is to be computed exactly in the free vortex surface. A detailed mathematical discussion of these singularities was treated by Isay [4] and Lerbs [9] .
For the computation of the propeller damping and added MOI, it is sufficient to compute the circular average of the propeller induced velocities. Further it is sufficient to compute these averaged velocities on the key blade at the position of the bounded vortex. In this case, Eqns. (9) and (10) simplify to:
In Eqns. (11) and (12), κ is the Goldstein Factor which can be taken from Isay [4] or from Lerbs [9] . Now it is possible to compute the hydrodynamic pitch angle β I and the inflow velocity U I if the radial distribution of the circulation distribution of the bounded vortex Γ(r) is known. According to the law of Kutta-Joukowski, we obtain for the radial circulation distribution: (13) From Fig. 2 (left) , we obtain for the composition of the inflow velocities:
Introducing Eqns. (14) and (15) in (13) using Eqns. (11) and (12) at the same time, we obtain for the radial circulation distribution Γ(r):
The pitch of the free vortex sheets k 0 can be computed from the hydrodynamic pitch angle as follows, see also. (17) it is now possible to compute the hydrodynamic propeller damping and the added MOI according to Eqns. (5) and (6) .
CORRECTIONS FOR MODERN PROPELLER DESIGNS
At the moment, no corrections for the three dimensional flow have been made in the lifting line theory. These need to be considered now, as damping and added MOI for modern propeller designs shall be computed. Two major corrections should be made to the theory to better cope with modern propeller designs:
• A correction which takes into account the propeller skew.
• A correction which takes into account the reduction of the angle of attack due to the three-dimensional flow around the propeller blade.
Weissinger [12] and Gersten [13] have developed a non-linear lifting line theory for airfoils. As many practical airfoils are inclined by the so-called sweep angle ϑ, Weissinger has found that the lift of an airfoil is decreased when the foil is inclined by a sweep angle. This is due to the fact that due to the inclination of the foil in direction of the flow, longitudinal vortices occur, inducing velocities which decrease the effective angle of attack of the foil. The lower the aspect ratio of the foil, the larger is the lift reduction. From the complex theory, Weissinger has developed the following simplified formula to account for the sweep angle of the foil: Lerbs [9] has pointed out that the three dimensional flow around the propeller blade leads to a reduction of the effective profile camber. Consequently, the geometrical profile camber needs to be reduced. This artificial correction of the effective camber would result in a corrected zero lift angle of each profile. As the blade angle δ 0 is measured against the zero lift axis of each profile, it is equivalent to correct the local blade angle δ 0 accordingly. This correction must be considered during the application of Eqn. (16) to obtain the corrected circulation distribution. At the same time, the hydrodynamic pitch angle β I needs to be increased accordingly in Eqns. (5) and (6) . Lerbs [9] has suggested the following relationship for the effective angle of attack in three-dimensional flow α 3D , where α=δ 0 -β I :
(19) F 1 and F 2 can immediately be taken from the original publication from Lerbs ([9] ). F 3 was recalculated for the purpose of the present analysis. The calculation procedure was such that for a series of selected propellers of the Wageningen B-Series, the value of [1] , [3] .
THE SCREW PROPELER BEHIND THE SHIP
Hydrodynamic propeller damping and added MOI can be computed using Eqns. (4) and (5) if beforehand the propeller inflow conditions have been computed, using Eqns. (16) and (17). However, these computations require the propeller rpm and the propeller inflow condition as an input. These can only be computed if the propulsion condition of the ship is known. At a given floating condition and ship speed, the ship has a specific resistance R T , which also may include additional resistances due to environmental conditions. The revolutions of the propeller must now fulfill the propulsion equilibrium condition, which means that the propeller thrust T must equal the sum of ship resistance R T and thrust deduction, T(1-t)=R T . The inflow condition to the propeller for the stationary case is defined as V A =V S (1-w) , where w is the effective wake fraction, typically obtained from a model test. It will later be shown that the wake distribution has a small effect on the damping only and can therefore be taken into account by the relative rotative efficiency. The calculation procedure for each calculation speed is as follows:
• Determine the ship resistance R T for the actual floating condition and environmental conditions If the propeller is a controllable pitch propeller (CPP), the propulsion equilibrium must be obtained from the correct combination of pitch setting and rpm, which must be taken from the ship´s propulsion control system settings.
For the screw propeller behind the ship, the values obtained for damping and added MOI should theoretically be corrected for the relative rotative efficiency (η R ) of the ship, as η R expresses the relationship of the propeller torque behind the ship compared to the J-equivalent open water condition. However, as η R is typically close to 1 for the cases examined below, this effect was neglected.
VALIDATION
FULL SCALE MEASUREMENTS Measurements of
propeller damping are difficult to conduct and they are therefore very rare. Additionally, many of the data are confidential and therefore difficult to obtain. [8] , [15] . RED: GRIM'SMETHOD, BLACK: PRESENT METHOD For the purpose of the present analysis, measured data are fortunately available from sea trial measurements. The propeller is a fixed pitch propeller with four blades, diameter 6m, area ratio 0.5, pitch ratio (at 0.7R) 0.7. The measurements by ORTHMANN and the computations are shown in Fig. 4 . The black curves show the results for the presented method, for reasons of comparison the results obtained from the GRIM method are shown. It should be noted that both computations and measurements are valid for the run up manoeuver of the drive train, which means that the vessel accelerates from the lowest to the highest rpm in about 3000s.
The computations show that the results obtained from the proposed method fit reasonably well to the measurements: The deviation at larger rpm is due to the fact that the measurements become uncertain. This is due to the fact that measured stresses and angular amplitudes decrease which makes it difficult to determine damping and MOI from these measured stresses. Especially the fact that the (hydrodynamic) MOI is not constant during the run up is well captured. It should also be noted that the simplified method gives lower results compared to the measurements. This is useful for the early design, where a certain safety margin is needed. Nevertheless, it would be useful to run validation computations for further cases. We have therefore run several comparisons of the new method in comparison to the simplified method, and some results are presented in the following. Fig. 5 shows the results of a five bladed screw propeller of the mid 1990s which was designed for a single screw vessel as a fixed pitch propeller. The propeller diameter is 5.40m, design pitch ratio 0.864, mean pitch 0.767, area ratio 0.632. The maximum skew angle is about 25 Degree. The blade outline as well as the sketch of the radial pitch distribution is shown in Fig. 5, bottom , including the open water diagram of the propeller. The computed k t -and k q -values are shown by the markers. It can be seen that the agreement between computation and experiment is very good in the design range of J which is about 0.6-0.7. This underlines that fact that the proposed theory works quite well. Damping and added MOI have been computed for the contract condition of the ship, which is on design draft. The black curves show the computed hydrodynamic damping and added MOI in the speed range of 5-17knots, but plotted versus the propeller rpm obtained for the propulsion equilibrium. Damping and added MOI were computed for the blade frequency, using the simplified formula of Grim/Schwanecke, but the coefficients have been selected according to Grim. Further, the pitch ratio at 0.7R was used as input value for the simplified computations, because this value is typically specified as pitch ratio P/D. It can be seen that the simplified formula represents the correct damping quite well in this case, although the damping is of slightly higher order than linear. The added MOI is generally over predicted by the simplified formula and it is not totally independent from the propeller rpm, as Fig. 5 , middle, shows. But the tendency of the curve is in line with the measurements of ORTHMANN. Both added MOI and damping are of higher order compared to the simplified formulae with respect to the propeller rpm. This is due to the fact that the hydrodynamic pitch angle β I is not constant over the speed range of the ship, as the ship´s resistance is not exactly of 2 nd order with respect to the ship speed. Fig. 6 shows the results of a modern four bladed screw propeller which was designed for a single screw RoRo-vessel as a controllable pitch propeller. The propeller diameter is 6.1m, design pitch ratio 1.142, mean pitch 1.009, area ratio 0.608. The maximum skew angle is about 40 Degrees. The blade outline as well as the sketch of the radial pitch distribution is shown in Fig.5 , left, together with the open water characteristics. The black curves show the computed hydrodynamic damping and added MOI in the speed range of 5-26knots. Also in this case, the simplified formula works quite well for the damping. The added MOI is under predicted by the simplified formula in this case. This is obvious, because this propeller is characterized by a radial chord length distribution which is strongly non-uniform, and the added MOI depends on the square of the chord length as well as on the square of the hydrodynamic pitch angle.
FIXED PITCH PROPELLER
CONTROLLABLE PITCH PROPELLER
As a matter of fact, the propeller was designed as CPpropellers which operate in combinatory mode. For the moment, we have assumed that the propellers operate on constant rpm, and we have repeated the calculations. For the simplified formulae, we have corrected the pitch input value for the blade angle which leads to the propulsion equilibrium under constant rpm. The results are plotted in Fig. 7 . Other than Fig.  6 , the x-axis represents the actual propeller pitch setting with respect to the design pitch of the propeller. From Fig. 7 the fact can be derived that the simplified approach is not able to cope with the hydrodynamic damping and added MOI if the propeller operates in an off-design pitch condition. For the lower pitch settings, damping and added MOI is drastically over-predicted. For the higher pitch settings beyond design pitch, damping and added MOI is under-predicted. This result underlines the fact that the simplified formulae cannot be used for controllable pitch propellers. 
THE SCREW PROPELLER IN THE WAKE FIELD
The possible effect of the wake field of the ship on the propeller damping was also analyzed. This was done with a quasistationary approach, where each single point of the wake field is calculated stationary. The skew of the propeller can be accounted for by adding the angular offset of the generator line. To account for the effective wake, the streamline contraction in the propeller plane due to the induced velocities is computed, and the radii of the wake field measurement are corrected accordingly [14] . The propeller operates again at the rpm of the computed propulsion equilibrium. Although the damping varies with the angular position in the wake field, the average damping does not differ very much from the values obtained by the stationary method and was always found to be in the order of the relative rotative efficiency. This was in principle also found by Grim [3] who also assumed the wake influence to be small. CONCLUSIONS A lifting line model was presented which allows the computation of hydrodynamic damping and added MOI for any type of screw propeller. The proposed method is based on the theory on propeller damping published by Schwanecke and Grim, who have applied well established methods from the airfoil theory to the screw propeller. Both authors also have developed simplified formulae to avoid the complex computation of the propeller inflow conditions. The present paper combines a straight forward lifting line theory with the theory of oscillating airfoils. Viscous corrections are also taken into account in the present method. The application of the theory to selected modern screw propellers has resulted in the following findings:
• The simplified formulae seem to work quite well for modern screw propellers, if the reduction factors of Grim (0.052 for the MOI and 0.017 for the damping) are used. But it is well possible that both damping and added MOI may be over or under predicted by the simplified formulae.
• Special care is required to obtain the correct pitch value as input for the simplified formulae. Modern propellers have a strongly non uniform pitch distribution which may result in the recommendation to use the mean pitch instead of the maximum pitch.
• The simplified formulae cannot be used for controllable pitch propellers in off-design pitch conditions. This can now be done using the proposed method.
• The effect of wake distribution on the propeller damping and added MOI can be neglected or, if deemed necessary, it can be covered by the relative rotative efficiency.
• The open water characteristics of modern screw propellers are well captured by the present theory, too.
